We generalize the definition of quantum Anosov properties and the related Lyapunov exponents to the case of quantum systems driven by a classical flow, i.e. skew-product systems. We show that the skew Anosov properties can be interpreted as regular Anosov properties in an enlarged Hilbert space, in the framework of a generalized Floquet theory. This extension allows us to describe the hyperbolicity properties of almost-periodic quantum parametric oscillators and we show that their upper Lyapunov exponents are positive and equal to the Lyapunov exponent of the corresponding classical parametric oscillators. As second example, we show that the configurational quantum cat system satisfies quantum Anosov properties.
Introduction
Anosov properties and Lyapunov exponents are well-established characterization of classical dynamics and it is natural to search for similar concepts applicable to quantum dynamics. Several definitions have been given in the literature (see [14, 17, 18, 1, 24, 21, 13, 15, 20, 16, 6] and the references therein). In Ref. [14] , Majewski and Kuna defined a quantum Lyapunov exponent for N -level quantum systems. Later 1 , Emch, Narnhofer, Sewell and Thirring [1, 24, 20] proposed an axiomatic framework which allows one to define an Anosov property for quantum mechanical systems. However, the resulting definition of a quantum Lyapunov exponent is limited since it only applies to systems with a globally constant hyperbolicity property. In Ref. [6] , the upper Lyapunov exponent for quantum systems in the Heisenberg representation has been defined, close in spirit to definitions given in Refs. [14, 1] . Its usefulness has been illustrated with the example of the parametric quantum oscillator with periodic time dependence. Moreover, it was shown that whenever its upper Lyapunov exponent is positive, the system satisfies the discrete quantum Anosov relations defined by Emch, Narnhofer, Sewell and Thirring [1, 24, 20] . In this paper we extend the study to systems described by a Hamiltonian operator of the form H(ϕ t (θ)) (with ϕ t a flow on a space M), which will be referred to as quantum skew-product system. We generalize the definition of Anosov relations so that it applies to this type of system. As in the case of Floquet theory [4, 3, 28, 5, 2] , it is possible to make quantum skewproduct systems autonomous by embedding the dynamics in a larger Hilbert space. The Anosov relations for quantum skew-product systems correspond to the Anosov relations of the associated system in this enlarged Hilbert space. We consider the parametric oscillator as an example. We show that the quantum parametric oscillator verifies the Anosov relations for quantum skew-product systems if its upper Lyapunov exponent is positive and the corresponding classical dynamics is reducible. Thus the quantum parametric oscillator discussed in [6] is an Anosov quantum skew-product system. As a second example we consider the configurational quantum cat system [25, 26, 27] , with periodic boundary conditions, which amounts to a system with compact configuration space. This paper is organized in the following way: In Section 2 we recall the definition of the upper Lyapunov exponent and of the Anosov properties for a quantum system describing the motion of a particle. In Section 3, we present the formalism of quantum skew-product systems and the enlarged Hilbert space which allows one to turn the system into an autonomous one. We propose a definition of the quantum Anosov properties for quantum skewproduct systems in Section 4. Finally, we treat the example of the almostperiodic quantum parametric oscillator and the configurational quantum cat system in Section 5.
Upper Lyapunov exponents and quantum Anosov relations
A quantum mechanical particle in one dimension is described by coordinate and momentum operatorsx andp which satisfy the Heisenberg commutation relation (we choose the units such that = 1):
It is convenient to consider the C * -algebra generated by Weyl operators:
These operators satisfy the Weyl form of the commutation relations:
More abstractly, if the phase space is a real symplectic space V with symplectic form σ, the C * -algebra W of canonical commutation relations over (V, σ) is defined as the C * -algebra generated by elements
In this paper we consider only phase spaces V of finite dimension 2n, with the usual symplectic form
where α T x denotes the transposed of α x . Hence, the Weyl operators can be written as:
In order to define the quantum Lyapunov exponent, we consider derivations on the algebra W. We denote by δ α the derivation defined as the generator of the automorphism A → W (t α) AW (−t α) for all A ∈ W. Therefore we have
where [ , ] is the commutator and
In particular, we can check that
We assume that the dynamics defines an automorphism of W:
where U (t, t 0 ) denotes the unitary propagator with initial time t 0 .
Definition 1 (cf. [6] ) The upper quantum Lyapunov exponent is defined as
and . is the norm of the C * -algebra W.
Since the time evolution is unitary, the exponentλ α can also be expressed asλ
Definition 2
A system satisfies the quantum Anosov relations [1, 24, 20] , if there are 2n directions α 1 , . . . , α 2n ∈ V such that the corresponding derivations satisfy
where λ i are 2n complex numbers such that
Remark 1
We have extend the definition of [1] 
Remark 2
To describe particles with internal structure, such as spin, it is necessary to generalize this construction. Assuming that the internal states of the particle form a complex Hilbert space h, the C * -algebra W of canonical commutation relations over h is by definition the C * -algebra generated by
where . , . denotes the scalar product in h.
Quantum skew-product systems and enlarged Hilbert space
A quantum skew-product system is described by the following Schrödinger equation with a non autonomous Hamiltonian in a Hilbert space H:
where ϕ t is a continuous flow on a compact metric space M while H(θ) is a self-adjoint operator depending on the parameter θ ∈ M such that the evolution operator U (t, t 0 ; θ) exists and is strongly continuous with respect to θ ∈ M. This form of Hamiltonian operator includes periodic, quasiperiodic and almost-periodic time dependence according to whether M is a circle, a torus or the hull of an almost-periodic function. Any solution of (3) can be written as
with the operator U (t, t 0 ; θ) satisfying
and U (t 0 , t 0 ; θ) = 1 1 H .
The uniqueness of solutions of (3) allows us to deduce the relations
for all t, t 0 , t 1 , τ ∈ R and all θ ∈ M.
Let µ be an invariant probability measure on M. The family of Koopman operators (T t ) t∈R , defined by
is a strongly continuous one-parameter unitary group of operators. According to Stone's theorem, there exists a self-adjoint operator G which is an infinitesimal generator of T t :
) ⊗ H will be called the enlarged space of H. The family of operators U (t, t 0 ; θ) ∈ H depending on the parameter θ ∈ M defines a unitary operator acting in K which maps a function θ → ψ(θ) ∈ H of K to the function θ → U (t, t 0 ; θ)ψ(θ) ∈ H. To avoid a complicated notation, we also denote this operator by U (t, t 0 ; θ). Moreover, we omit the identity factor of T t ⊗ 1 1 H in the Koopman operator in K. From the uniqueness of solutions of (3) we can conclude that
for all t, t 0 , s ∈ R and all θ ∈ M.
Definition 3
We define a unitary operator U K (t, t 0 ) acting on the enlarged space K by
One can show that it is strongly continuous in t − t 0 , and Stone's theorem implies that there is a self-adjoint operator K on K, called generalized Floquet Hamiltonian, such that
The solution of the associated Schrödinger equation
reads ψ(t) = U K (t, t 0 ) ψ(t 0 ) ∈ K, and it is linked to a solution φ of the Schrödinger equation (3) in H by
Proposition 1
We denote H(θ) the self-adjoint operator on K which maps ψ ∈ K to the function θ → H(θ) ψ(θ) ∈ H of K. We assume that H(θ) is a self-adjoint operator of K. We have the formal equality
Proof:
The operator U K (t, t 0 ) is strongly differentiable on D(K), and we can write formally
Quantum skew-product Anosov properties
For a quantum skew-product system defined by the Schrödinger equation (3) with an Hamiltonian of the form H(x,p, ϕ t (θ)), we define the Anosov property by
Definition 4
A quantum skew-product system satisfies the quantum skew-product Anosov relations if there exist 2n functions α 1 , . . . , α 2n : M → V such that the corresponding derivations satisfy for all t, t 0 ∈ R and θ ∈ M
Proposition 2
In the enlarged space K = L 2 (M, µ) ⊗ H, the dynamics generated by the Hamiltonian K = G + H(θ) satisfies the standard quantum Anosov properties [1] :
Proof:
By definition, the evolution operator satisfies
Then the equation
can be written as
Using the relation
for all t ∈ R, we obtain
Examples

The almost-periodic quantum parametric oscillator
As in [6] , we consider the parametric quantum oscillator which is described by the Hamiltonian (we take the mass = 1):
where f is an almost-periodic real valued function. The classical dynamics corresponding to the Hamiltonian (5) has the same form as the eigenvalue equation of the almost-periodic Schrödinger operator:
with f (t) = E − V (t). For a fixed almost-periodic real valued function V (t), we will now analyze the one-parameter family of systems defined by varying E on C and, in particular, when E is real and in the resolvent set ρ of the almost-periodic Schrödinger operator −d 2 /dt 2 + V (t).
Theorem 1
For any observable A = W (β) in the Weyl algebra, in the instability region E ∈ ρ ∩ R, there is a stable direction α s , which depends on t 0 , for which
where λ c is the Lyapunov exponent of the classical system. Thus the upper quantum Lyapunov exponent is positive,
Proof:
The spectral parameter E is in the resolvent set ρ of the operator if and only if the classical system
has an exponential dichotomy [8] . In particular, if E ∈ ρ, the system (6) has two linearly independent solutions
The functions
defined for E / ∈ R and E ∈ ρ ∩ R, respectively, are almost-periodic [23, 10] .
The classical Lyapunov exponent associated with the dynamics of (6) is defined as λ c = sup lim sup
where the supremum is taken over all non trivial solutions (p, q) of (7), and it satisfies [7] λ c = − lim sup
In order to determine the upper quantum Lyapunov exponent, we first need to calculate L α (t 0 , t) which we write in the form
The propagator F (t, t 0 ) of the classical equation (7), defined by
may be written as
where ψ ± (t) = q ± (t) + i p ± (t) and
.
Using the fact that the Heisenberg equations of motion for the operatorŝ x(t) andp(t) have the same form as the classical equations for x(t) and p(t), we can write
Thus, using the relation
we obtain
If A = W (β) = e i(βxx+βpp) then, according to (1),
where we have used A = 1. By (11), the stable direction α s is given by
Indeed we obtain
According to (8) , the quantum Lyapunov exponent in this direction is
For all other directions α ∈ R 2 , it is easy to check that the upper Lyapunov exponent is positive,
Remark 3
The result of Theorem 1 can be extend to the multidimensional case where
with A(t) a real symmetric matrix depending almost-periodically on time.
Writing A(t) = E 1 1+V (t), the equations of motion of corresponding classical system have the same form as the eigenvalue equation of the Schrödinger operator −d 2 /dt 2 + V (t). In the instability region E ∈ ρ ∩ R, there will be n stable directions α s i , depending on t 0 , with negative Lyapunov exponent, while they will de positive for the remaining directions. The main argument is again the exponential dichotomy in the resolvent set [9, 11] .
To study of the Anosov properties for the almost-periodic quantum parametric oscillator, we formulate it as a quantum skew-product system,
wheref is the extension of the almost-periodic function f to a continuous function on its hull and ϕ t the associated minimal flow (see [10] ). As before we introduce a parameter E by writingf (ϕ t (θ)) = E − V (ϕ t (θ)), and we denote the hull of the almost-periodic function by M. The corresponding classical system is now given by
Definition 5 A linear system of differential equations
with y(t) ∈ R n and A(θ) a matrix depending on θ ∈ M, is called reducible if it can be transformed into a system with constant coefficients
by a transformation y(t) = T ϕ t (θ) z(t) where T (θ) is a non singular matrix for all θ ∈ M.
Remark 4
The system (13) is reducible when the potential is quasi-periodic with frequencies satisfying a Diophantine condition ( [12, 22, 19] ).
Theorem 2
Let the classical system (13) be reducible. Then the corresponding quantum parametric oscillator satisfies the quantum skew-product Anosov properties for E being in the resolvent set, E ∈ ρ: there exist two measurable functions α ± : M → R 2 and λ ± such that ± Re(λ ± ) > 0 and
with L α ± (θ) = α x± (θ)x + α p± (θ)p.
Proof:
Using reducibility and the hyperbolic character of the flow of (13) in the resolvent set , we obtain
where g is a is a non singular matrix for all θ ∈ M and Re(λ + ) ≥ 0. Consequently,
Swapping t with t 0 in this equation and using the identity U † (t, t 0 ; θ) = U (t 0 , t; θ), we obtain
Thus, we can deduce the stable and unstable directions
, we obtain
The configurational quantum cat system
We consider a charged particle of mass m = 1 constrained to move in a unit square with periodic boundary conditions (period 1) submitted to external periodic time dependent electromagnetic fields. It was shown in Ref. [25, 26] that the external fields can be chosen in such a way that the configuration space of the particle is mapped periodically to itself according to Arnold's cat map. This system is described by the Hamiltonian
The vector potential A of the fields has the form
where ∆ T,ε is a sequence of smooth kicks of period T and duration ε << T , while V is a matrix such that exp(V ) is Arnold's cat map:
The time evolution operator over one period T or Floquet operator U F = U (T, 0) becomes in the limit ε → 0:
Since the configuration space of the system is a torus (as opposed to R n in the former examples), we need to slightly adapt the definitions of Section 2. We choose as algebra A of observables the C * -algebra generated by the Weyl operators W (β, γ) = exp [i (β Tx + γ Tp )] with β ∈ 2πZ 2 and γ ∈ R 2 .
Remark 5
In the definition 2 of the Anosov property, we can use derivations that are not necessarily inner derivations, i.e. we do not need to impose α x ∈ 2πZ 2 . Indeed, according to (1), δ α (A) = [L α , A] ∈ A for all α = (α x , α p ) ∈ R 2n .
Theorem 3
The configurational quantum cat system satisfies quantum Anosov properties: There exist two stable directions α 1 and α 2 ,
and two unstable directions α 3 and α 4 ,
where λ > 0 is such that e ±λ are the eigenvalues of Arnold's cat map C.
Proof:
The operator D V = e − i 2 (x T V Tp +p T Vx) , one of the factors of the evolution operator U F , is a dilatation:
The evolution of the position and momentum operators over one period T is thus given by
Equation ( Using equations (14) and (15), we observe that
Hence α 2 = ( ( C 2 − Id ) v + , T v + ) and α 4 = ( ( C 2 − Id ) v − , T v − ) are the second pair of stable and unstable directions.
Remark 6
The derivations δ α 1 and δ α 3 are inner derivations, but δ α 2 and δ α 4 are not because the coefficients of each eigenvector v ± are rationally independent.
Remark 7
It follows immediately from the Anosov properties that the upper Lyapunov exponent for this system is λ = λ > 0.
